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Abstract 

This paper is concerned with the investigation of the regional controllability of the time 
fractional diffusion equations. First, some preliminaries and definitions of regional con¬ 
trollability of the system under consideration are introduced, which promote the existence 
contributions on controllability analysis. Then we analyze the regional controllability with 
minimum energy of the time fractional diffusion equations on two cases: Be L (R m , L 2 (Q)) 
and B ^ L(R m ,L 2 (Q)). In the end, two applications are given to illustrate our obtained 
results. 
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1. Introduction 


Recently fractional diffusion equations (FDEs) have attracted increasing interests and a 


great deal of contributions have been given to both in time and space variables |l|, 2, [3, 4, |5|. 
And it is confirmed that the fractional approach to anomalous diffusion models is appealing 
compared to other approaches. For instance, due to the nonlocal and hereditary properties 
of fractional operators, the anomalous diffusion models generated by FDEs are developed 
effectively to describe transport process in complex dynamic system. 

As we all know, the anomalous diffusion processes in real world are essentially distributed 
and the continuous time random walk (CTRW), governed by the waiting time probability 
density function (PDF) and the jump length PDF, is a useful tool to describe this phe¬ 
nomenon jg, 7, 8, 9|. In addition, when the waiting time PDF and jump length PDF are 
power-law and independent, the anomalous transport process can be derived by the fractional 
partial differential equations, namely fractional Fokker-Planck and Klein-Kramers equations 
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6|. And the time fractional diffusion equation models anomalous sub-diffusion and its so¬ 
lutions are transition densities of a stable Levy motion, representing the accumulation of 
power law jumps [j, £>1 9 J. 

Moreover, it can be easily seen that the control of anomalous diffusion problem generated 
by FDEs can be reformulated as a problem of analysis of infinite-dimensional control system. 
However, in the case of diffusion systems, it should be pointed out that, in general, not 
all the states can be reached. So in this paper, we first introduce some notations on the 
regional controllability of FDEs, i.e., the system under consideration is only exactly (or 


approximately ) controllable on a subset of the s 
generalization of integer-order diffusion systems 


ate space, which can be regarded as a 
ll|, |l2]. Based on the semigroup theory 
13l ]. the regional controllability with minimum energy of time FDEs of two different kinds 
of cases: B G L(R m ,L 2 (f2)) and B L(R m ,L 2 (D)) are discussed. More precisely, when 


B G L(R m ,L 2 (f2)) , our main result is derived by utilizing the the Balder’s theorem 17]. 
And when B (f L (R m , L 2 (f2)), the Hilbert Uniqueness Methods(HUMs), which were first 
introduced by Lions 18|], are used to obtain the regional controllability with minimum energy 
of the system under consideration. 

The rest of this paper is organized as follows: some concepts on regional controllability 
are presented in the next section. In Section 3, our main results on the regional controllability 
analysis of time FDEs are given. Two applications are worked out in the last section. 


2. Preliminaries 


Let D be an open bounded subset of R" with smooth boundary <9D, Q = D x M, 
£ = dVt x [0, T]. Let L p (0,T;D) (p > 1) be the space of Bochner integrable functions 
on [0, T] with the norm ||o:||lp(o) = ||x(s)||^„ds) 1 / p and consider the following abstract 

fractional state-space system 


aD“z(t) = Az{t) + Bu(t), z( 0) = z 0 G D(A), 


( 2 . 1 ) 


where f G [0, T], 0 < a < 1, z G L 2 (0,T;D), qD° is the Caputo fractional derivative, D(A) 
holds for the domain of the operator A and A generates a strongly continuous semigroup 
{<f>(f)} t >o on the Hilbert state space L 2 {Vt). In addition, z 0 G L 2 (Q), u G L 2 (0,T;R m ) and 
B : R m — y L 2 {Vt) is a linear operator to be specified later. 

Next, we will introduce some definitions and lemmas to be used in the sequel. 


Definition 2.1. 

given by 


, 2] The Caputo fractional derivative of order a > 0 of a function z is 


_ ) r(n-a) fo& S ) ? 


—a—1 & 


D?z{t) = 


Q s nZ(s)dS, 


&*(*)> 


a = n, 


( 2 . 2 ) 
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where i > 0, n — 1 < a < n, nsN, provided that the right side of (2) is pointwise defined. 

Let w C (] be a given region of positive Lebesgue measure and zt G L 2 (ca)(the target 
function) be a given element of the state space. 


2.1. The case of B e L(R m ,L 2 (0)) 

If B G L (R m , L 2 (fl)), i.e., B is a bounded continuous operator from R m to L 2 (fl) and 
there exists a constant Mb such that ||R|| < Mb- 

Based on the argument from the contribution [4], we get that 

Definition 2.2. |4] For any given u G L 2 (0,T; R m ) , a function z G L 2 (0, T; fi) is said 
to be a mild solution of the system (12.ip . denotes by z(-,u), if it satisfies 


z(t, u) = S a (t)z 0 + / (t — s) a K a (t — s)Bu(s)ds, 


(2.3) 


where 


s a (t) = / MWt Q e)dd 


(2.4) 


and 


K a {t) 


= a 



ef a {d)^(t a e)dd. 


Here {$(t)} t > 0 is the strongly continuous semigroup generated by A, 4> a (9) 
and if a is a probability density function defined by 


(2.5) 


1pa(9) = - V (-1 ^-Ig-an-l ^ina + l) Q £ ^ 

7T " 


n =1 


n\ 


satisfying the following properties 19] 


e~™il) a (9)d6 = e" A , / if a (9)d6 = 1, a G (0,1) 


and 


( 2 . 6 ) 


r = fff V \ , V > 0. (2.7) 

Jo 1(1 + 017 ) 

In order to prove our main results, the following hypotheses are needed. 

(Si) The semigroup {$(t)} t > 0 generated by operator A is uniformly bounded on L 2 (Q), 
i.e., there exists a constant M > 0 such that 


sup || <f>(t) || < M. 

t> o 


(S 2 ) For any t > 0, $(£) is a compact operator. 


( 2 . 8 ) 
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Lemma 2.1. [4] 

(i) For any t > 0 the operator S a (t) and K a (t ) are linear bounded operators, i.e., for any 
x £ L 2 (fi), 

||<S'a(i)a;||La(n) < M\\x\\ L 2( Q) (2.9) 

and 

olM 

\\K a {t)x\\ L 2 m < r / 1 + a J NU a («)» ( 2 -10) 

where M is dehned in the inequality (8). 

(ii) Operators {S a (t)}t >o and {K a (t)} t >o are strongly continuous, this is, for \/x £ L 2 (Q) 
and 0 < t\ < t 2 < T, we have 

||S' Q ,(ti)a; — S a (t2)x\\i / 2(p j } —> 0 (2.11) 

and 

\\Ka(ti)x — —> 0 as t\ —y t 2 . (2-12) 

(in) For t > 0, S a (t) and K a (t) are all compact operators if $(£) is compact. 

Definition 2.3. 

(ai) The system (12. lj) is said to be regionally exactly controllable (or cu —exactly control¬ 
lable) if for any Zt £ L 2 (co), there exists a control u £ L 2 (0, T; R m ) such that 

Pljz(T,u) = Zt- (2.13) 

( 02 ) The system (12.11) is said to be regionally approximately controllable (or u —approximately 
controllable) if for all zt £ L 2 (co), given £ > 0, there exists a control u £ L 2 (0,T; R m ) such 
that 


\\p u z(T, u ) - z T ||l 2 h < e, (2.14) 

where p u : L 2 (Q) -£ L 2 (u>), dehned by p^z = z\cj, is a projection operator. 

2.2. The case of B <£ L (R m , L 2 (fl)) 

If B L (R m , L 2 (h2)), similar to the argument in 
on regional controllability are introduced. 

Take into account that the system (1) is line, without loss of generality, we suppose that 
z 0 = 0 in the following discussion. Let H : L 2 ( 0, T; R m ) —> L 2 (Vt) be 

Hu = f (T — s) a ~ 1 K a (T — s)Bu(s)ds, Wu £ L 2 (0, T; R m ). (2.15) 

Jo 


5 , 


ll|, [l2l, the extension definitions 
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It follows from Definition 2.3 that the system (1) is regionally approximately (exactly) con¬ 
trollable on oj if and only if 

imp u H = L 2 {oj) ( respectively, imp^H = L 2 (cu)) . (2-16) 


Definition 2.4. 

(fci) The system (12.ip is regionally exactly controllable if and only if 

kerp u + imH = L 2 (Q). (2-17) 

(& 2 ) The system (12.ip is said to be regionally approximately controllable if and only if 

kerp u + imH = L 2 (Vt). (2.18) 

Suppose that {<h*(f)}t>o, generated by the adjoint operator of A, is also a Co semigroup 
on the Hilbert state space L 2 (Q). Then for any v E L 2 (f2), it follows from ( Hu , v) = ( u , H*v) 
that 


H*v = B*(T — s) a ~ l K* a {T - s)v, 


(2.19) 


where < - > is the duality pairing of space L' 2 (uj), B* is the adjoint operator of B and 

K*(t) = a J 0 °° 9(p a (0)$*(t a 8)dd. Then we have imp^H = L 2 [uj ) is equivalent to 


kerH* D imp* u = {0}, 

where p* : L 2 (pj) —> L 2 ( fl), the adjoint operator of p u , is 


V u z{x) := 


z(x), x E oj, 
0, x E Q\u>. 


3. Regional controllability analysis of the time FDEs 


( 2 . 20 ) 


( 2 . 21 ) 


In this section, we will explore the possibility of finding a minimum energy control which 
steer the time FDEs (12. ip from the initial state zo to a target function zt on the region oj. 
Let Ut — {u E L 2 (0, T ; R m ) : p^ziT, u) = Zt}- Consider the following minimum problem 

inf J(u) = inf / [ 
u u l./o 




u E Ut 


(3.22) 
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3.1. The case of B G L (R m , L 2 (Q)) 

Theorem 3.1. Suppose that B G L(R m ,L 2 (f2)) and the assumptions (Si), (Sf) hold, 
then the minimum problem (13.22ft admits at least one optimal solution provided that the 
system (12. ip is u —approximately controllable. 

Proof. It is easy to see that Ut is a closed and convex set. we first prove that the 
operator H is strongly continuous (see p.597, [yj]), which admits the existence of optimal 
control to the minimum problem (22). Moreover, according to the argument in 15|, since the 
operator H is linear and continuous, we only need to show that the operator is precompact. 

For any t G [0, T], z Q G L 2 (f2), it follows from Lemma [2711 that the term S a (t)z 0 in Eq. 
(12.31) is strongly continuous. Let N : L 2 (R m ) —>■ L 2 (Q ) be 


Nu(t) := / (t - s)“ _1 A" Q ,(t - s)Bu(s)ds : t G [0, T]. 


(3.23) 


and we next show that N is a relatively compact operator. 

Let p r = {u G L 2 (0,T;R m ) : ||w|| L 2 (o,T;R m ) < r}. For any fixed t G (0, T], e, S G (0, t) , 
u G Qn let 


N(e,s) u (t) = a f Q ~ s)“ 1 9cf)(9)$((t — s) a 9)Bu(s)d9ds. 

Since <F(£ 9 (5) is compact and 


ft—e fo o 


N^ S )u(t) = ®(e a 8)a 


(t - s) a ~ l 9(j)(9)<S>((t - s) a 9 - £ a 8)Bu(s)d0ds. 


we get that N( e ,S) is relatively compact. Together with ||Ru(-)|| < M B r < oo, by (i) in 
Lemma 2.1, for any t G [0, T], we have 

\\Nu(t) — iV( ei 5 )w(f)|| = a11 f I [t — s) a ~ 1 9(j)(9)$((t — s) a 9)Bu(s)d9ds 

Jo Jo 

pt poo 

(t - s) a_1 0<£(0)$((t - s) a 9)Bu(s)d9ds 
{t - s) a_1 00(0)$((f - s) a 9)Bu(s)d9ds\\ 



1 0 JS 

ft—E fOO 


'0 


t r S 


< a 

To; 



0 JO 


(t - s)“- i d0(0)$((t - s) a 9)Bu(s)d9ds 

t poo 


' t—£ J S 


(t - s)“" i 00(0)$((t - s) a 9)Bu{s)d9ds 


< MM B rT a f 9(f(9)d9 + -► 0 

Jo F(l + a) 

as e,S —> 0, where M is defined in Eq. (8). Then we conclude that Ng r is a relatively 
compact set in L 2 (f2). 
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Next, we shall prove that Nu is equicontinuous on [ 0 , T], For any u G g r , 0 < Gy < a 2 < T, 


where A 
we have 


II Nu(ct 2 ) - Nuiy<7\) || 

< f [(02 ~ s)"" 1 - (di - s) a ~ 1 ]K a (a 2 ~ s)Bu(s)ds 


(<Ti - s) Q 1 [K a (a 2 - s) - K a (ai - s)]Bu(s)ds 


(cr2 — s) Q L K a (a 2 — s)Bu(s)ds 

Cl 

/ MM B r MM B r 

- nTT^)' 2_ 2 + ( 2_ l} )+ + r(TT^) ( 2 “ 0 

11 J'q 1 (<t 1 — s) a_ 1 [AT a (cr 2 — s) — AT a (c 7 i — s)]Ru(s)gLs||. Since e > 0 small enough, 


A < - s) a 1 \\K a (a 2 - s) - K a (ai - s)\\\\Bu(s)\\ds 

Jo 

+ [ Oi - s)" _ 1 ||A' Q (cr 2 - s) - AT a (cr 1 - s)||||Btt(s)||ds 

J <J\—£ 

M B r 


< 


a 

2 MM B r 


cr ? - 


sup II A 0 ,(cT 2 - s) - A^cri - s) 


se[0,(Ti— e] 


r(l + a) 


->■ 0 


as cr 2 —>■ <Ti due to the continuity of KJt)(t > 0) in the uniform operator topology. It 
follows from the Arzela-Ascoli theorem [16,] that the operator N is precompact. Thus, H 
is strongly continuous, which guarantees the existence of optimal control to the minimum 
problem (13.221) under the fact that U B is a closed and convex set. 

Further, if the system (12.11) is to— approximately controllable, for any z B G to, suppose 
that J(u*) = inf J(u) = £ < 00 , by the definition of inhmum, we can deduce that there exists 

U 

a sequence {«*}*=i )2> ... such that p u z(T,Ui) = zt, Ui G Ut C A 2 (0,T;R m )(i = 1,2,3, •••) 
and J(ui) —> J(u*). Then we have u* in A 2 (0,T, R m ). 

For any t G [0, T], by Definition 2.2 and Lemma 2.1, we get that 

| \p u z(t,U*) -PuZ(t,Ui) || L 2 (Q ) 

Pu [ (t — s) a ~ l K a (t - s)B(u*(s) - Ui(s))ds 


< 


< 


(t — s) a 1 K a (t — s)B(u*(s) — Ui(s))ds 


aMM B rt 


F(1 + cr) J 0 


(t - s) a ||m*(s) - Mj(s))|| L 2 (Rm) ds, 
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which yields that 


Puz(t, Ui ) —$■ p u z(t, u*) in C(0, T, cu) as i —> oo. 


And since Ut is closed and convex, from Marzur Lemma 16] we see that u* E Ut■ Thus it 


follows from the Balder’s theorem in 


17 ] that 


e = J(u*) = lim J[ui ) > J{u*) > e, 

i —^oo 

which means that u* is the optimal solution of the minimum problem (13.22ft . This completes 
the proof. 


3.2. The case of B(£ L(R m ,L 2 (D)) 

If B L (R m , L 2 (fl)), for example, when the control is pointwise or boundary control. 
The operator N defined in Eq. (23) is unbounded and then N is not relatively compact and 
new methods should be introduced. 

Here we will introduce the Hilbert uniqueness methods( HUMs ), which is first, introduced 
by Lions in to study the controllability problems of a linear distributed parameter 
systems. Further, we note that this method is also available when B is a bounded continuous 
operator. 

Let Z = imp^H C L 2 (lu ), by duality Z C L 2 (lu) C Z* and for any / E Z*, define 

\\f\\z* ■= / T II B*(T - s) a ~ l K* a (T - s)p*J\\ 2 ds, (3.24) 

Jo 

where p* is defined in Eq. (I2.21[) . 

Lemma 3.1. || ■ || z* is a norm of space Z* provided that the system (12. ip is cu— approximately 
controllable. 

Proof. If the system (12. ip is cu—approximately controllable, we get that ker H*pf = {0}, 

i.e., 

B*(T - s) a ~ l K* a (T - s)p*J = 0 ^ / = 0. (3.25) 

Hence, for any f E Z*. it follows from 

Wfh* = [ T || B*(T - sT^KfiT - s)p*J\\ 2 ds = 0 y* B*(T - s^K^T - s)p*J = 0 
Jo 

that || • || z* is a norm of space Z* and the proof is complete. 

Denote the completion of the set Z* with the norm || • ||z» again by Z*. For each / G Z*, 
since / is a linear bounded functional on Z, by the Riesz representation theorem, there exists 
a unique element in Z, denoted by Pf, such that 


f(y) = (Pf,y ) for all y G Z, 


(3.26) 









where (,-,) is the inner product in space Z. Then we get that P : Z* —> Z is a linear 
operator and the following lemma holds. 

Lemma 3.2. The operator P : Z* — > Z is isometry. 

Proof. For any f E Z*, it follows from (13 .26j) that 

\\Pf\\ z = sup(P/,y) = sup \\f(y)\\ = ll/IU*- 

Ihll z =1 \\v\\z=i 

Then 3fi(P) C Z is a closed subspace. To complete the proof, we should only show that 
3ft(P) = Z. If not so, then there exists a yo G Z, y 0 Y 0 such that ( Px , yo) = 0. By (13,26j) , 


we have 


f(yo) = 0 for all f ez*, 


which implies that yo — 0, a contradiction. Then we see that 3ft(P) = Z and the proof is 
complete. 

Further, let A : Z* —>■ Z be 


A f = Pu,<Pi(T), 


(3.27) 


where is defined by 


C Q D^iit) = Aipi(t) + BB*(T - tr~'K*(T - t)f , 

7h(0) = 0. 


(3.28) 


Since for any / G Z*, y E Z, by Holder’s inequality, we have 



B*(T - s)“ 1 K*(T - s)plf{x)dsy{x)dx 



■T 


< \\f\\z*\\y\\z 


and || A f\\z < ||/||z*- Further, for any / G Z*, we have 



B*(T - sY^KiT - s)p*J(x)dsf(x)dx 



■T 


Then if the system (12.ip is u >—approximately controllable on [0, T], we get that / = 0. Thus 
it follows from the uniqueness of P that A is an isomorphism from Z* to Z. 
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Next, suppose that ipo (£) satisfies 


o D ?<Po{t) = A<p 0 (t), 
^o(O) = z 0 G D(A), 


for all zt G L 2 (u>), we have Zt = Pu [‘fi(T) + ip 0 {T)\. Further, let / be the solution of the 
following equation 


A f ■= z t -P^q{T). 


(3.30) 


Then we are ready to state the following theorem. 

Theorem 3.2. If the system (12. ip is u —approximately controllable, then for any Zt G 
L' 2 (co), (13.301) has a unique solution / G Z* and the control 

u* = B*{T - -Y^KiT - -)p*J 


steers the system to Zt at time T in ui. Moreover, u* is the solution of the minimum problem 

dS23). 

Proof. By Lemma 3.1, we get that if the system (12.ip is u —approximately controllable, 
then || ■ || z* is a norm of space Z*. Let the completion of Z* with respect to the norm || • ||^* 
again by Z*. Then next we show that the equation (I3.30P has a unique solution in Z*. 

For any / G Z*, by the definition of operator A in (13.271) . we get that 


</,A/> = </,lWi(T) > 


= <f,p u (T - s) a - l K a (T - s)Bu*(s)ds> 

Jo 

r T 

\a— 1 


' 0 


< f,p u (T - s) a - l K a (T - s)Bu*(s) >ds 


B*(T - s) K* a (T - s)p* Ld f\\ ds 


2 

z*- 


Hence, it follows from Lemma [3721 and the Theorem 2.1 in 20] that the equation (13.301) admits 
a unique solution in Z*. Further, let u = u* in problem (12.11) . we see that Puz(T,u*) = Zt- 
For any mi,m 2 G L 2 (0,T, R m ) with p u z{T,u\) = Zt and p w z(T, m 2 ) = zt, w e obtain that 
p u , [z(T, «i) — z(T, w 2 )] = 0. And for any / G Z*, we have 


< f,Pw [z(T,ui) - z(T,u 2 )] >= 0. 


It follows from 


< PuHfa -u 2 ),f >=< Mi - u 2 , H*p* u f > 
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that 


Then by 


< U\ (s) - u 2 (s), B*(T - s) a K*(T - s)p* UJ f >ds = 0. 


J'(ui)(ui — u 2 ) = 21 < Ui(s), Ui(s) — u 2 (s) >ds 


= 2 < u*(s), ui(s) — u 2 (s) >ds 

Jo 

= 0, 

we obtain that u* is the solution of the minimum problem (13.221) . This completes the proof. 


4. Example 


In this section, we will introduce two examples which is reachable on u but not reachable 
on the whole domain. 

Example 4.1. Let us consider the following one dimension time FDEs with Bu = 

P[ ai ,a 2 ]U, 0 < cp < a 2 < 1 

( $D° 7 z(x, t ) = | pz(z, t ) + p [aua 2 ] u(t), [0,1] x [0, T] 

< z(x,0) = z 0 , [0,1] (4.31) 

[ z(0,t) = z(l,t) = 0. [0,T\ 

Corresponding to system (12. ip . we have A = jA and 

OO 

§(t)z(x) = ^exp(Ait)(z,^) L 2 ( 0 : 1 ) ^(x), x e [0,1], (4.32) 

i— 1 

where 

A i = —i 2 7r 2 and ^(x) = \/2sin(i7nr), x 6 [0,1]. 


Then we get that the hypotheses (Si) and (S 2 ) hold with M — 1. Further, we have 


K 0 . 7 (t)z(x) = 0.7 / 0 °° 6(/>o. 7 {0)$ (t 0 - 7 9) zd9 

OO 

= 0.7 / 0 °° 6 > 0 o. 7 ( 6 >) YJ exp(Ait°- 7 8 )(z,t,i) L 2 ( 0 ,i)Z,i(x)d 6 

i— 1 
oo 

= 0.7 YJ, (z, f 0 °° 94> 0 . 7 ( 0 ) exp(Aji°- 7 0)d0. 

i =1 

It follows from (12.71) and the Taylor expansion of exponential function that 


K 0 . 7 (t)z(x) 

00 00 n 7 . 

= 0.7 £ £ /“ UzLpLoi+ifa($)d$ 

i =1 3 =0 

_ y / 7 m c t~\ Y' ox(j+i)(\it°- 7 p 
2^ \ z -, zC r(i+o. 7 j+o. 7 ) 

i=\ j=0 

OO 

= X! -^0.7,0.7(Ajt°' 7 )(^, ^’i)z, 2 (0,l)Ci(^) 5 
2—1 


(4.33) 


(4.34) 
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where E a ^(z) := E r(ai+p) > -^ eQ; > 0> /?, z G C is known as the generalized Mittag-Leffler 

i=0 

function. Similarly, we have 

POO 

So. 7 (t)z(x) = / 00.7 m(t°- 7 6)d6 (4.35) 

Jo 

oo 

= X ( z ^i)L 2 (0,i)E 0 .7,i(Xit°- 7 )^i(x). (4.36) 

i— 1 

What’s more, since A = generates a compact, analytic, self-adjoint C 0 semigroup, we 
have 

(H*z)(t) = B*(T — t)~°- 3 K* 7 (T - t)z(t) 

OO 

= B*(T - t )-° 3 E £o.7,o. 7(MT - t) a7 )(^,6)L 2 (0,i)6(^) 

2=1 

oo 

= (T - t)-°' 3 E ^o.7,o. 7(A<(T - t)°- 7 )(z, 6)^(0,!) C 6(z)ch. 

2=1 

Then it follows from J u “ 2 x)dx = sin ?7r W+° 2 ) s j n nr(ay-ai) fc er jj* |q| ( imp u H ^ 
L 2 (co)) when a 2 — cp € Q, i.e., the system (14.31(1 is not weakly controllable when a 2 — ai G Q. 
Thus, we can conclude that the system (14.31(1 is not weakly controllable on [0,1] but on 
some appropriately subregion [ai,a 2 ] C [0,1] and according to Theorem 13.11 the minimum 
problem (13.22)1 admits at least one optimal solution. 

Example 4.2. Consider the following time FDEs with pointwise control Bu = u(t)5(x — 
b), 0 < b < 1, i.e., B 0 L (R m , L 2 (fl)) 

( o D t' 7z ( x > t ) = S rZ ( x ’ t ) +u ( t W x ~b)> [0,1] x [0, T] 

l z(x, 0) = 0, [0,1] (4.37) 

[ z(0,t) = z{l,t) = 0. [0, T\ 

Here Z = L 2 (0,1), let u = [cri,cr 2 ] C [0,1] and if the system ((4.37)1 is u >—approximately 
controllable, since A = 4^ generates a compact, analytic, self-adjoint Co semigroup, similarly 
to the argument above, we have 

A i = —i 2 7r 2 , £j(x) = A/2sin(z7rx),, x G [0,1], (4.38) 

OO 

${t)z{x) = X ex P(^)(^^)i 2 ( 0 ,i)^(^), X G [0,1] (4.39) 

i— 1 

and 

OO 

K 0 . 7 (t)z(x) = X -^ 0 . 7 , 0 . 7 (A jt°' 7 )(z, £i)L 2 ( 0 ,l)£i(x), (4.40) 

2=1 
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Moreover, by Lemma 3.1, we get that if the system (12. ip is cu—approximately controllable, 


/ II J \\z* 

[ T ||( T - s)~ o:i K* a (T - s)p*J(b)\\ 2 ds 


(:T - t )-° 3 E 0 _ 7fi _ 7 (\i(T - t)°' 7 )(z, CMo,i)Pim ds 

i =1 

defines a norm on Z*. It follows from Lemma 3.2 that 

A f = p„<pi(T), (4.41) 

is a isometry form Z* to Z, where <pi (x,t) is the solution of the following equations 

M + (T-tr-'K'(T-t)m, 

<pi(x,0) = Q. (4.42) 

<£i(0, t) = v?i(l ,t) = 0. 

Then by Theorem 13.21 we see that the control 

OO 

U *(t) = (t - 1)-°- 3 £ JhwiMr - t)°- 7 )(z, tMo,i)P:m 

i=1 

steers the system to zt at time T in a;, where / is the solution of equations 

A / = z T - Pcj(po(-,T), (4.43) 

and <po(t) solves 

oDt' 7 < Po(x,t) = ^sip 0 (x,t), 


<Po(x,0) = z 0 (x) e D(A), 
<Po(Q,t) = <Po(l,t) = 0 . 
Moreover, u* is the solution of the minimum problem (13.22(1 . 


(4.44) 


5. CONCLUSIONS 

This paper is the first time to study the regional controllability analysis of the time frac¬ 
tional diffusion equations on two cases: B E L(R m ,L 2 (h2)) and B ^ L (R m , L 2 (12)), which 
can be regarded as the extension of the existence contributions on controllability analysis 
of integer order [l2( | . The results we present here can also be extended to model 

real dynamic systems in complex dynamic system. For instance, the problem of regional 
observability of FDEs as well as the case of fractional super-diffusion equations with more 
complicated dynamics are of great interest. 
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